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FUNCTIONAL RELATION

BETWEEN TWO SYMMETRIC SECOND-RANK TENSORS

UDC 539.3 : 517.958N. I. Ostrosablin

The functional relationship between two symmetric second-rank tensors is considered. A new inter-
pretation of the components of the tensors as projections onto an orthogonal tensor basis is given.
It is shown that the constitutive relations can be written in the form of six functions each of which
depends on one variable.
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The functional relationship between two symmetric second-rank tensors, which is important in constructing
constitutive relations in continuum mechanics, has been the subject of many studies (see, e.g., [1–7]). It is known
that in the space of symmetric second-rank tensors there exists an orthonormal basis of six tensors [3, 8–10]

tijpq = tjipq , tijpq = tijqp, tijpqtijrs = δpqrs = (δprδqs + δpsδqr)/2,

where δpr = 1 for p = r and δpr = 0 for p �= r. In the present paper, Cartesian rectangular coordinates x1, x2,
and x3 are used and the summation is performed over repeated indices. The first two indices denote the tensor
components and the last two denote the tensor number, the tensors with numbers pq and qp being identical. We
use the following contracted notation for the indices of the symmetric tensors hij = hji:

h1 = h11, h2 = h22, h3 = h33,

h4 =
√

2h23, h5 =
√

2 h13, h6 =
√

2h12.

(1)

Then, the tensors tijpq correspond to an arbitrary orthogonal matrix of the sixth order tip (i, p = 1, 6); tiptiq = δpq.
The orthogonal matrix tip depends on 15 free parameters cip (i > p) and is obtained by orthonormalization of an
arbitrary triangular matrix [9]

[cip] =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
c21 1 0 0 0 0
c31 c32 1 0 0 0
c41 c42 c43 1 0 0
c51 c52 c53 c54 1 0
c61 c62 c63 c64 c65 1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The stress tensor σij and the strain tensor εij are decomposed using the orthogonal basis tip [8–10]:

σi = tipσ̃p, σ̃p = σitip, εi = tiq ε̃q, ε̃q = εitiq. (2)

Here and below, the contracted notation (1) is used. According to (2), the quantities σ̃p and ε̃q are projections
of the tensors σi and εi onto the tensors of the orthogonal basis tip (p = 1, 6), i.e., convolutions of two symmetric
second-rank tensors. It follows that the quantities σ̃p and ε̃q remain invariant upon orthogonal transformation of
the coordinate system xi.
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Il’yushin [1, 2] considered rotations and reflections of the form

ε̃p = αpq ε̃
∗
q , ε̃∗q = ε̃pαpq (p, q = 1, 6), (3)

where αpq is an arbitrary orthogonal matrix of the sixth order (αpqαpr = δqr). The matrix αpq is determined by 15
independent parameters [9]. Since

ε̃p = εitip, ε̃∗q = εit
∗
iq, (4)

where t∗iq is an orthogonal basis in the space of symmetric second-rank tensors different from the basis tip, from (3)
and (4) we obtain

εitip = αpqεit
∗
iq , εi(tip − αpqt

∗
iq) = 0;

tip = t∗iqαpq, t∗iq = tipαpq. (5)

Thus, transformation (3) corresponds to the orthogonal transformation of the basis (5).
Since the choice of the basis tip or t∗iq is arbitrary, the functional relationship between σ̃p and ε̃q should not

depend on transformations of the form of (3) (compare with [1, 2]):

σ̃p = fp(ε̃q), σ̃∗
p = f∗

p (ε̃∗q), p, q = 1, 6. (6)

It should be noted that there is, in essence, no difference between σi and σ̃p (or between εi and ε̃p). Indeed,
tip (p = 1, 6) are six second-rank tensors which form an orthogonal basis in the space of symmetric tensors. The
matrix tip can be an arbitrary orthogonal matrix, in particular, a unit matrix (tip = δip). Then,

σ̃p = σitip = σiδip = σp, σi = δipσ̃p = σ̃i. (7)

Thus, from (7) it follows that the quantities σi and σ̃p differ only in notation. However, the representation σ̃p = σiδip

implies that σ̃p = σp are invariants and projections onto the basis δi1, δi2, . . . , δi6. This basis can be written as
follows:

δij11 =

⎡
⎣

1 0 0
0 0 0
0 0 0

⎤
⎦ , δij22 =

⎡
⎣

0 0 0
0 1 0
0 0 0

⎤
⎦ , δij33 =

⎡
⎣

0 0 0
0 0 0
0 0 1

⎤
⎦ ,

√
2 δij23 =

⎡
⎢⎢⎢⎣

0 0 0

0 0
1√
2

0
1√
2

0

⎤
⎥⎥⎥⎦ ,

√
2 δij13 =

⎡
⎢⎢⎢⎣

0 0
1√
2

0 0 0
1√
2

0 0

⎤
⎥⎥⎥⎦ ,

√
2 δij12 =

⎡
⎢⎢⎢⎣

0
1√
2

0

1√
2

0 0

0 0 0

⎤
⎥⎥⎥⎦ .

This interpretation of the tensors, different from the traditional interpretation, was first proposed in [11, 12]. It
follows that the constitutive relations generally have the form of (6):

σ̃p = fp(ε̃q) (p, q = 1, 6), (8)

i.e., they functionally link the invariants σ̃p and ε̃q.
As the coordinate system xi, the basis tip is chosen from considerations of simplicity and convenience. For

elastic anisotropic materials, tip are eigenstates. In this case, Hooke’s law [8–10] becomes

σ̃p = λpq ε̃q, p = q. (9)

The basis tip should be chosen in such a manner that the constitutive relations (8) have the simplest form
[for example, they can be written in the form of (9)]:

σ̃1 = f1(ε̃1), σ̃2 = f2(ε̃2), . . . , σ̃6 = f6(ε̃6), (10)

i.e., each function depends on one variable.
We write relation (8) as σitip = fp(εitiq). Let tip = t∗iqαpq, then

σit
∗
ipαpq = fp(εit

∗
irαsr), σ̃∗

qαpq = fp(ε̃∗rαsr);

σ̃∗
q = fp(ε̃∗rαsr)αpq = f∗

q (ε̃∗r) (11)
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or, taking into account (3), we obtain

σ̃p = fp(ε̃s), αpqσ̃
∗
q = fp(αsr ε̃

∗
r);

σ̃∗
q = αpqfp(αsr ε̃

∗
r) = f∗

q (ε̃∗r), (12)

i.e., (12) is identical to (11).
Thus, when the basis (5) is changed, the constitutive relations (8) are transformed according to formulas

(11) and (12).
From (10) and (3), we obtain

α1qσ̃
∗
q = f1(α1r ε̃

∗
r), α2qσ̃

∗
q = f2(α2r ε̃

∗
r), α3qσ̃

∗
q = f3(α3r ε̃

∗
r),

α4qσ̃
∗
q = f4(α4r ε̃

∗
r), α5qσ̃

∗
q = f5(α5r ε̃

∗
r), α6qσ̃

∗
q = f6(α6r ε̃

∗
r),

whence we have

σ̃∗
q = α1qf1(α1r ε̃

∗
r) + α2qf2(α2r ε̃

∗
r) + α3qf3(α3r ε̃

∗
r) + α4qf4(α4r ε̃

∗
r) + α5qf5(α5r ε̃

∗
r) + α6qf6(α6r ε̃

∗
r), (13)

i.e., changing the basis from tip to t∗ip = tipαpq, one can pass from (10) to (13) and vice versa.
In summary, if the constitutive relations are written in the form of (13), they can be reduced to the form

of (10), in which each function depends on one variable. An arbitrary basis can be obtained from a specific basis
using formulas (5).
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